YETTER-DRINFELD CATEGORIES FOR QUASI-HOPF 

ALGEBRAS 



D. BULACU, S. CAENEPEEL, AND F. PANAITE 



Abstract. We show that all possible categories of Yetter-Drinfeld modules 
over a quasi-Hopf algebra H are isomorphic. We prove also that the category 
^yD^'^ of finite dimensional left Yetter-Drinfeld modules is rigid and then we 
compute explicitly the canonical isomorphisms in ^yD^'^. Finally, we show 
that certain duals of Hq, the braided Hopf algebra introduced in |S]|7|, are 
isomorphic as braided Hopf algebras if H is a finite dimensional triangular 
quasi-Hopf algebra. 



Introduction 

Let _ff be a Hopf algebra with a bijective antipode. We can introduce left, right, 
left-right and right-left Yetter-Drinfeld modules over H, and it is well-known (see 
HE]) that the corresponding categories gj^D, yD^, Hyo" and "yDn are 
isomorphic. These categories are also isomorphic to the center of the monoidal 
category h-M of left iJ-modules, and, if H is finite dimensional, to the category 
D(H)M of left modules over the Drinfeld double D{H). It is also known that the 
category of finite dimensional Yetter-Drinfeld modules is rigid, that is, we have left 
and right duality in this category. 

In jTH], Dijkgraaf, Pasquier and Roche introduced the so-called "twisted double" 
of a finite group, which is a Hopf algebra- type object D'^(G) associated to a pair 
{G,uj), where G is a finite group and w is a normahzed 3-cocycle on G; this object 
is not a Hopf algebra, but a quasi-Hopf algebra in the sense of Drinfeld . The 
construction is similar to the quantum double, so it appears natural to try to 
define the quantum double of an arbitrary finite dimensional quasi-Hopf algebra, 
generalizing the Drinfeld double for Hopf algebras, and then to show that I?"(G) 
is such a quantum double. This has been done first by Majid in JH]; he first 
computed the center of the monoidal category of left if-modules over the 

quasi-Hopf algebra H (we will denote this center by ^yD and call its objects left 
Yetter-Drinfeld modules over H). Then he defined the quantum double D{H) by 
an implicit Tannaka-Krein reconstruction procedure, in such a way that d{h)M. = 
^yO. An explicit construction of the quantum double (as a so-called "diagonal 
crossed product") has been given afterwards by Hausser and Nill in ^J^]. They 

1991 Mathematics Subject Classification. 16W30. 

Key words and phrases. quasi-Hopf algebra, Yetter-Drinfeld module, braided monoidal 
category. 

Research supported by the bilateral project "Hopf Algebras in Algebra, Topology, Geometry 
and Physics" of the Flemish and Romanian governments. This paper was finished while the first 
author was visiting the Vrije Universiteit Brussel, and he would like to thank VUB for its warm 
hospitality. The third author was also partially supported by the programmes SCOPES and 
EURROMMAT. 



2 



D. BULACU, S. CAENEPEEL, AND F. PANAITE 



identified the category of icft modules over tlieir quantum double with the category 
H<:ZyD (we will denote this category by nyD^ and call its objects left-right Yetter- 
Drinfeld modules over H). Now the question arises whether gj^D ^ nyo" . 
The first aim of this paper is to show that, indeed, the categories 'j^yO and nyD^ 
(and also two other categories yD^ and ^yD^ which we will introduce) are iso- 
morphic, even in the situation where H is not finite dimensional. In an earlier 
version of this paper, a computational proof of this result was given, which was 
much more complicated than the corresponding proof for Yetter-Drinfeld modules 
over coassociative Hopf algebras. Viewing the categories of Yetter-Drinfeld modules 
as (left or right) centers of corresponding categories of modules, a more transparent 
approach is possible, and this is what we will do in Section [3 This approach was 
suggested to us by the referee. 

In Section 121 we show that the category ^yD^'^ of finite dimensional (left) Yetter- 
Drinfeld modules is rigid; the left and right duals are constructed explicitly. In 
an arbitrary rigid braided monoidal category C, we have canonical isomorphisms 
M = M** and (M(g)7V)* = M*(giiV*. In Sectional we compute these isomorphisms 
in the case C = ^yD^'^. If we then specialize to finite dimensional left modules over 
a quasitriangular quasi-Hopf algebra, we recover some results from [H]. 
Let i? be a braided Hopf algebra, that is a Hopf algebra in gj^D Then B* and 
*B are also braided Hopf algebras. In Section [SJ we study the special case where 
B = Hq, the braided Hopf algebra introduced in [HlCl- In particular, we prove 
that *Hq and iJg are isomorphic braided Hopf algebras if i? is a finite dimensional 
triangular quasi-Hopf algebra. They are also isomorphic to the coopposite of the 
braided Hopf algebra 7?* introduced in |3j . 

1. Preliminary results 

1.1. Quasi-Hopf algebras. We work over a commutative field k. All algebras, 
linear spaces etc. will be over k; unadorned ® means (8)fc. Following Drinfeld |llj . 
a quasi-bialgebra is a fourtuple {H, A, e, $) where H is an associative algebra with 
unit, <& is an invertible element in H ®H ®H , and A : H ^ H ® H and e : H ^ k 
are algebra homomorphisms satisfying the identities 

(1.1) (id (g) A){A{h)) = $(A ® id){A{h))<S>-\ 

(1.2) {id(g)e){A{h)) = h, {e(E)id){A{h)) = h, 
for all h € H. ^ has to be a normalized 3-cocycle, in the sense that 

(1.3) (1 (g) $)(ic; «) A (g) id){^){^ ® 1) = [id « id ® A)($)(A (g) id O id){^), 

(1.4) (id(g)e(g)id)($) = lg)l. 

The map A is called the coproduct or the comultiplication, e the counit and $ 
the reassociator. As for Hopf algebras ^HI we denote A{h) — hi®h2 (summation 
understood), but since A is only quasi-coassociative we adopt the further convention 

{A®id){A{h)) = «)ft.(i,2) ® /i2, {id® A){A{h)) = hi ® /i(2,i) ®^(2,2), 

for all h € H. We will denote the tensor components of $ by capital letters, and 
the ones of <I>~^ by small letters, namely 

$ = a:^ ® a:^ ® a:^ = ® ® = T/i (g) ® T/3 ^ • • • 

<I>"^ = g) a;^ (g a;^ = t-^ (g g) = g) t)^ g) = • • • 
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H is called a quasi-Hopf algebra if, moreover, there exists an anti-automorphism S 
of the algebra H and elements a,f3^H such that, for all h E H: 

(1.5) S{hi)ah2 = e{h)a and hif3S{h2) = e{h)(3, 

(1.6) X^f3S{X'^)aX'^ = 1 and S{x^)ax'^ pS{x^) = 1. 

Note that, in Drinfeld's original definition, the antipode of a quasi-Hopf algebra is 
required to be bijective. The axioms for a quasi-Hopf algebra imply that e{a)e{(3) = 
1, so, by rescaling a and f3, we may assume without loss of generality that e{a) = 
e{(3) = 1 and e o S = e. The identities p. 211. 4(1 also imply that 

(1.7) (£ ® id (g) irf)($) = (id ® id (g) £)($) = 1 ® 1. 

Together with a quasi-Hopf algebra H — {H, A, e, <&, S, a, (3) we also have i7°P, 77'^°p 
and H°P '^°P as quasi-Hopf algebras, where "op" means opposite multiplication and 
"cop" means opposite comultiplication. The quasi-Hopf structures are obtained by 

putting $op = *cop = (4'"^)^^\ ^'op.cop = Sop = Scop = (5'op,cop)"^ = 

S~'^, aop = S~'^{/3), Pop = ^"^(a), acop = ^"^(a), /3cop = 5'~^(/3), aop,cop = /3 
and /3op,cop = a. 

Recall that the definition of a quasi-Hopf algebra is " twist covariant" in the following 
sense. An invertible element F G H (}^H is called a gauge transformation or twist if 
{e(E)id) (F) ^ {id®e) (F) = 1 . If is a quasi-Hopf algebra and F ^ F^^F^ e H(g)H 
is a gauge transformation with inverse F~^ = (E) G^, then we can define a new 
quasi-Hopf algebra Hp by keeping the multiplication, unit, counit and antipode of 
H and replacing the comultiplication, reassociator and the elements a and /? by 

(1.8) Apih) ^ FA{h)F-'^, 

(1.9) = (1 (g F){id A)(F)$(A (g) id)(F-i)(F-i ® 1), 

(1.10) ap = S{G^)aG^, pp = F^(3S{F^). 

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. 
For a quasi-Hopf algebra, we have the following statement: there exists a gauge 
transformation f E H (g) H such that 

(1.11) fA{S{h))f-'^^{S(E)S){A°Pih)), foraU/iGff, 

where A°p(/i) = h2 <E) hi. The element / can be computed explicitly. First set 

A'^ (g) (g) (g) A"^ ^ (g) 1)(A (gidg) id){^~^), 

(g) (g) (g) B'^ = {A (g) id (g id){<^){<^~^ (g 1). 
Then define j,S G H ig H hy 

(1.12) 7 = S{A^)aA^ g) S{A^)aA'^ and S = B^f3S{B^) (g B^f3S{B^). 
Then / and /^^ are given by the formulae: 

(1.13) / = {S®S)iA°Pix'))^A{x'(3Six')), 

(1.14) = A{S{x^)ax^)S{S(gS){A°P{x^)). 
Moreover, f = <g and g — g) satisfy the relations 

(1.15) /A(a) = 7, A(/3)/-i = 5 
and (see [5]) 

(1.16) g'S{g^a)^(3, SiPnf^a. 
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Furthermore the corresponding twisted reassociator (see l|1.9(l ) is given by 
(1.17) ^{S(g)S(^S){X^(^X^(E)X^). 

In a Hopf algebra H, we obviously have the identity hi ® h2S{h^) = /i ® 1, for all 
h € H. We will need the generalization of this formula to the quasi-Hopf algebra 
setting. Following IT^ and [I^, we define 

1.18) pR^p^ (g)p^ ^x^ (E)x^f3S{x^), 

1.19) qR = q^ (giq"^ =X^ ^S-HaX^)X^, 

1.20) pL^P^^p"^ =X^S-HX^P)(E)X^, 

1.21) ql ^ (E> q"^ ^ S{x^)ax'^ (g) x^. 
For all h E H, we then have: 

1.22) A{hi)pR[l®S{h2)]=PR[h®l], 

1.23) [1 S~\h2)]qRA{hi) = (hrg l)qR, 

1.24) [Sihi)^l]qLA{h2)^{l^h)qL, 
and 

1.25) A(qi)pfl[l®5(q')] = 1® 1, 

1.26) [S{f)'S)l]qLA{p^) = l®l, 

1.27) A(q2)p^[5-i(gi)®l] = 10 1, 

$(A idH){pR){pR ® id//) 

(1.28) = (id® A)(A(xi)pfl)(l (g) 5^5(a;3) ^ g2_5,(^2^)^ 

where f = ® P the twist defined in (|1.13l) with its inverse = (x) g'^ 
defined in ((T~T^ . 

1.2. Quasitriangular quasi-Hopf algebras. A quasi-Hopf algebra H is quasi- 
triangular if there exists an element R E H ® H such that 

(1.29) (A0id)(i?) = $312i?13*r32^23$, 

(1.30) (zd®A)(i?) = $23\^13*213i?12$-\ 

(1.31) A°P(/i)i? = i?A(/i), for aU e i?, 

(1.32) {e(»id){R) = {id®e){R} = l. 

Here we use the following notation. If a is a permutation of {1,2,3}, we set 
^a(i)a{2)a(3} = X'^''^^) (giX'^"'^^) (g,X'''^^^\ and Ri-j means i? acting non-trivially 
in the i*'' and j*'* positions oi H ® H ® H . 

In |S] it is shown that i? is invertible. The inverse of R is given by 

(1.33) Rr^ = X'^l3S{Y^R^x^X^)aY^x^Xl ® Y^R'^x'^Xf. 
Furthermore, the element 

(1.34) u = S{R^p^)aR^p^ 

(with PR — p^ ^p^ defined as in H1.18|l ) satisfies S'^{u) = u, is invertible in H, and 

(1.35) u-^ = X^R^p^S{S{X^R^p^)aX^), 

(1.36) e{u) = 1 and S'^{h) = u/iu"\ 
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for all h ^ H. Consequently the antipode S is bijective, so, as in the Hopf algebra 
case, the assumptions about invertibility of R and bijectivity of 5* can be dropped. 
Moreover, the _R-matrix R = R^ ® R^ satisfies the identities (see PP, ^3], 0): 

(1.37) /2iE/-i = (5®5)(i?), 

(1.38) S{R'^)aR^ = S{a)u, 

where f — ^ P is the twist defined in (|1.13() . and /21 — P ® ■ In addition, a 
second formula for the inverse of R is 

(1.39) R-^ = qlX^R^p^ ® qjX^S-^q^X^R'^p^), 

where pn = and ql = ^ q^ are the elements defined by p.l8|l and p.21|l . 

Finally, recall that a quasi-Hopf algebra (H,R) is called triangular if R^^ = R21, 
where R21 = R"^ ® R^. 

1.3. Monoidal categories. If V is an object of a category C, then the identity 
morphism V V will also be denoted by V. The identity functor C C will be 
denoted by C. 

A monoidal category C — {C,(^, I,a,l,r) consists of a category C, a functor (X> : 
C X C C, called the tensor product, an object I € C called the unit object, and 
natural isomorphisms a : (g) o (<8> x C) ^ ® o (C x ®) (the associativity constraint), 
I : ® o [I X C) ^ C (the left unit constraint) and r : ® o [C x I) C (the right 
unit constraint), a has to satisfy the pentagon axiom, and I and r have to satisfy 
the triangle axiom. We refer to |T2 XI. 2] for a detailed discussion. In the sequel, 
we will identify V ® I I = I ®V using ly and ry, for any object V <E C. 
A monoidal functor between two monoidal categories C and P is a triple (i^, (poi </'2), 
where F : C — > I? is a functor, : J — > F{I) is an isomorphism, and ip2{U, V) : 
F{U) ® F{V) F{U ®V) \s a. family of natural isomorphisms in V. (po and ip2 
have to satisfy certain properties, see for example XI. 4]. 

If if is a quasi-bialgebra, then the categories h-M and A4h are monoidal categories. 
The associativity constraint on hM is the following: for U,V,W E hM, o,u,v,w ■ 
{U (»V) (E)W ^ U ® {V «iW) is given by 

(1.40) auy,w{iu <8> v) ® w) = ■ u {X'^ ■ v (S) ■ w). 
On A4h, the associativity constraint is given by the formula 

(1.41) a,u,v,w{{u (s) v) ^ w) = u ■ ® {v ■ x'^ ^ w ■ x^). 

Let V eC. V* eC is called a left dual of V, if the functor - (g) is the right dual 
oi — (^V. This is equivalent to the existence of morphisms evy : V* V ^ I and 
coev : I V (E)V* such that 

(1.42) {V (g) evy) o av,v',v ° (coevy (^V) ^V, 

(1.43) (evy (g) V*) o ttyl y y, o {V* (g) cocvy) = V*, 

for all e V^. *V e C is called a right dual of F if - ® *F is the left dual of 
— (S)V. This is equivalent to the existence of morphisms ev'y : V ® *V I and 
coevy : I ^ *V iS^V such that 

(1.44) (ev'y ®V)o ayly y o {V* coevV) = V, 

(1.45) {*V ev'y) o a,v.y,'V ° (coev'y ® V*) = V*. 

C is called a rigid monoidal category if every object of C has a left and right dual. 
The category hM.^'^ of finite dimensional modules over a quasi-Hopf algebra H is 
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rigid. For V G hM, V* = Honi(y, fc), with left iJ-action {h ■ ip,v) = {(p,S{h)v). 
The evaluation and coevaluation are given by 

(1.46) evvi'P ^ v) — ip{a ■ v), coevy (1) = /3 • (g) w', 

where {vi}i is a basis in V with dual basis {v^}i- The right dual *V of V is the 
same dual vector space now equipped with the left i?-module structure given by 
{h ■ ip,v) — {ip, S^^{h)v) , and with 

(1.47) ev'yiv (g)ip)^ fiS-^a) ■ v), coevV(l) = v' (g) S-'^{l3) ■ Vi. 

The switch functor r: CxC^CxC is defined hy t{V,W) — [W, V). A prebraiding 
on a monoidal category is a natural transformation c : (g) — > eg) o r, satisfying the 
hexagon axioms (see for example 14, XIII. 1]). A prebraiding c is called a braiding 
if it is a natural isomorphism. Let (i?, R) be a quasitriangular quasi-bialgebra. We 
then have the following prebraiding c on (see \^ or |16)'): 

(1.48) cu,v[u®v) = R^-v®R^-u, 
which is a braiding if is a quasi- Hopf algebra. 



1.4. Braided Hopf algebras. Let C be a braided monoidal category. We can 
define algebras, coalgebras, bialgebras and Hopf algebras, extending the classical 
definitions from |19j in the obvious way. 

Thus, a bialgebra in C is {B, m, ry. A, e) where B is an object in C and the morphism 
m : B ® B ^ B gives a multiplication that is associative up to the isomorphism 
a. Similarly for the coassociativity of the comultiplication A : B ^ B (g B. The 
identity in the algebra B is expressed as usual by 77 : / — > i? such that mo{rj® id) = 
mo (id® f]) = id. The counit axiom is {e®id)o A = {id(ge)o A = id. In addition, A 
is required to be an algebra morphism where B ® B has the multiplication nis^B, 
defined as the composition 
(1.49) 

{B (g) B) ® (B (g) B) — B (g (B g, (B (g) B)) B (g {{B g) B) g) B) 

B g) {{B g> B) ® B) ^ B g> {B g) {B g, B)) 
— (B g) B) g) (B ® B) — Bg)B. 

A Hopf algebra i? is a bialgebra with a morphism S : B ^ B in C (the antipode) 
satisfying the usual axioms m o {S ® id) o A = r] o e = m o [id g) S) o A. 
For a braided monoidal category C, let C" be equal to C as a monoidal category, 
with the mirror-reversed braiding cm,n — c-]^m- ■'^o'^ ^ Hopf algebra B & C with 
bijective antipode, we define J5°p, B'^°p and B°P,cop 

(1.50) msop = niB o Cg^g, A^op = As, Sb^p = S^^, 

(1.51) mscop = rriB, Ascop = c^^^ o As, S'^cop = 

(1.52) mBop,cop = niB o cb,b, Asop.cop = Cg^^ o As, S'sop.cop = S'^, 

and the other structure morphisms remain the same as for B. It is well-known (see 
for example 01201) that B°p and B™p are Hopf algebras in C'", and that B°P'™p 
is a Hopf algebra in C. 
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1.5. Monoidal categories and the center construction. Let C be a monoidal 
category. Following the weak left center Wi{C) is the category with the fol- 
lowing objects and morphisms. An object is a couple {V,sv,~), with V & C and 

Sv,- '■ V (El y — (E)V a natural transformation, satisfying the following condition, 

for aU X,Y eC: 

(1.53) {X sv,y) ° ax,v,Y ° isv,x iX) F) = ax,Y,v ° sv,x®y ° av,x,Yy 

and such that syj is the composition of the natural isomorphisms V ® I = V ^ 
I ®V. A morphism between (V, sy,-) and {V' , sy.-) consists of : V V' in C 
such that 

sv,x — sv'.x ° 

Wi(C) is a prebraided monoidal category. The tensor product is 
with 

(1.54) sv(g,v',x = ax,v,v' o {sy.x ^ V') o ay^ y, o (F sv',x) ° av,v',x, 
and the unit is (/, /). The prebraiding c on VVi(C) is given by 

(1.55) cvy^sv^v'- {V,sv^^) {V , sy-) {V , sv-) <S> [V, sy-). 

The left center Zi (C) is the full subcategory of Wi (C) consisting of objects {V, sy,-) 
with Sv,- a natural isomorphism. Zi(C) is a braided monoidal category. Zi(Cy'^ 
will be our notation for the monoidal category Zi{C), together with the inverse 
braiding c given by cy^v = Cy}y = Sy}y. 

The weak right center W'r(C) and the right center Zr{C) are introduced in a similar 
way. An object is a couple {V,t-y), where V & C and t-y : — iS)V^V(E — is 
a family of natural transformations (resp. natural isomorphisms) such that is 
the natural isomorphism and 

(1.56) (^v^x,Y ° tx(^Y,v o a-x^Y.y = i^x.v <^Y)o a^y y o (X ® tyy), 

for all X, y G C A morphism between (V, t-y^ and (V^', i-,y') consists of : V ^ 
V in C such that 

(l? a:) O ix^y = tx^y, O (a: ® t9), 

for all X Q C. yVr(C) is prebraided monoidal and Zr{C) is braided monoidal. The 
unit is (/, /) and the tensor product is now 

{V, t^y) ® {V, t^y,) ^{V^ V, t^ym') 

with 

(1.57) txy®v' = a^,y',x ° ® ^xy) ° ay,xy' o {txy ® V) o a^^yy,. 
The braiding d is given by 

(1.58) dyy,^tyy,: (y,t^y) ® {V\t^y,) ^ {V' ,t^y-) (g) {V,t^y). 

Zr(C)'" is the monoidal category Zr{C) with the inverse braiding d given by dyy = 

d-^ ~f-^ 
v'.y ~ v'.V' 

For details in the case where C is a strict monoidal category, we refer to Theorem 
XIII. 4. 2]. The results remain valid in the case of an arbitrary monoidal category, 
since every monoidal category is equivalent to a strict one. 
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Proposition 1.1. Let C be a monoidal category. Then we have a braided isomor- 
phism of braided monoidal categories F : Zi{C) — > Zr{C)™ , given by 

F{V,sv,-) = {V.sy'l^) and F(t?) d. 

Proof. The proof is straighforward. Let us show that F preserves the braiding. 
Applying F to the braiding map 

CV.V = Svy ■■ {V, Sv,-) {V, Sv',-) ^ {V , Sy,-) (V", Sy,_), 

we find 

F{SV.V') = SV,V' {V, .Sy]_) ® {V\ Sy] _) ^ {V\ Sy]_) ® (t/, Sy^_). 

Write t-y = Sy-' ^-,V' — With notation as above, we find 

dv,V' — tyly = svy, 
as needed. □ 

Let C = (C, ®, /, a, Z, r) be a monoidal category. Then we have a second monoidal 
structure on C, defined as follows: 

C = (C,® = (g)OT,I,a,r,l) 

with r: C x C ^ C x C, t(V^, W) — {W, V) and a defined by av,w,x — o-x^wv- 
If c is a (pre)braiding on C, then c, given by cv.w = cw,v is a (pre)braiding on C. 
The following result is then completely obvious. 

Proposition 1.2. Let C be a monoidal category. Then 



WiiC)^Wr{C) ; Wr{C)^Wi{C), 
as prebraided monoidal categories, and 



Zi{C)^ZriC) ; ZriC)^ZiiC) 
as braided monoidal categories. 

Proposition 1.3. Let C be a rigid monoidal category. Then the weak left (resp. 
right) center of C coincides with the left (resp. right) center of C, and is a rigid 
braided monoidal category. 

Proof. For details in the case where C is strict, we refer to ^1 Lemma 7.2 and 7.3, 
Cor. 7.4]. The general case then follows from the fact that every monoidal category 
is equivalent to a strict one. For later use, we mention that for (V, s) € -Z/(C), 
(y, Sv,-)* — {V* , sv.-), with sv*,x given by the following composition: 

sy.^x ■.V*®X iy* <^X)®{V® V*) 

V* ® {X®{V®V*)) 
V* ® {{X®V)®V*) 



ay* 
















-1 











(1-59) ^ "^^-'-"^ / V*®{{V®X)®V*) 

V* ® {V®{X®V*)) 



{V* (i)V)®{X® V*) 

x®v*. 

□ 



YETTER-DRINFELD CATEGORIES FOR QUASI-HOPF ALGEBRAS 



9 



2. Yetter-Drinfeld modules over a quasi-Hopf algebra 

From (TS] , we recall the notion of left Yetter-Drinfeld module over a quasi- bialgebra. 
We also introduce right, left-right and right-left Yetter-Drinfeld modules. The aim 
of this Section is to study the relations between these four types of modules. 

Definition 2.1. Let H he a. quasi-bialgebra, with reassociator <&. A left Yetter- 
Drinfeld module is a left i7-module M together with a fc-linear map (called the left 
i/-coaction) 

Xm '■ M ^ H ® M, XMim) = (g) TO(o) 

such that the following conditions hold, for all h H and m G M: 

® {X^ ■ m(o))(_i)X=^ (g> (X^ ■ m(o))(o) 

(2.1) = X\Y^ ■ m)(_i),r2 ^ ^2(yi . ^)(_^^^y3 ^ ^3 . (yi . 

(2.2) e(m(_i))m(o) = m, 

(2.3) ft,im(_i) (g) /i2 ■ "^(o) = (ft-i ■ to)(_i)/(,2 (g (/ii • "^)(o). 

The category of left Yetter-Drinfeld modules and /c-linear maps that preserve the 
i/-action and i/-coaction is denoted by ^yD. 

Let H be a Hopf algebra. If M is a left i7-module and an i7-comodule then (|2.3|) 
is equivalent to 

{h ■ m)(_i) (g) {h ■ m)(o) him^_^i^^S{h^) ® /i2 • m(o), 
for &\\ h E H and m G Af . For quasi-Hopf algebras we have the following result. 

Lemma 2.2. Let H he a quasi-Hopf algebra, M G h-M, and A : M H ® M a 
k-linear map satisfying f2.1t2.1^) . Then 1^2.!^) is equivalent to 

(2.4) {h ■ m)(_i) (g {h ■ to)(o) = [g^/ii]i(p^ • m)(_i)p25((72/i2) ^ [gi/i^Jj . (pi . m)^o), 

for all h G H , m E M , where pu = p^ ® p^ and qn = g^ ® g^ are th^ elements 
defined in U.lt^l.m . 

Proof. Suppose that 1)2. 3|) holds. For any h & H and m G M we compute that 
{h ■ m)(_i) g) (/i • to)(o) 

(qyh ■ m)^_^)q\p'S{q^) ® {q\p^h ■ m)(o) 
^ {[g'h^lp' ■ m)(_i) [g'h,]2p'S{q'h2) ([-?i/ii]ipi • m)(o) 

[gi/ii]i(pi • ™)(_i)p25(g2/i2) ® [gi/iils • (/ ■ ™)(o). 
Conversely, assume that (|2.4ll holds; in particular we have that 

(2.5) AM(m) qlip^ ■ TO)(_i)p25(g2) ® . . rn)(o), V m G M. 
We then compute, for all h G H and m G M: 

(/ii • m)(_i)/i2 (g) (/ii • m)(o) 

['7^^(i4)]i(P^ • ™)(-i)P^'5'(9^^(i,2))^2 g> [^^/^(i.ijls • (P^ • w)(o) 
. rn)(_i)p25(g2) ® • (p' • ™)(o) 

/lim(_i) g) /l2 • TO(0)- 

□ 
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From 15 , if is a quasi-bialgebra then the category of left Yctter-Drinfeld modules 
is isomorphic to the weak left center of the monoidal category C =: h-M, 

Wi{hM) = ^yo. 

The prebraided monoidal structure on Wi{hM) induces a prebraided monoidal 
structure on ^yD. This structure is such that the forgetful functor 1^3^!? — > h-M 
is monoidal. The coaction on the tensor product M ® iV of two Yetter-Drinfeld 
modules M and N is given by 

AM®7v(m ® n) = X^{x^Y^ ■ m)(„i)x2(y2 . n)(^_i)Y^ 

(2.6) (E)X^ ■ {x^Y^ ■ to)(o) 8) X^x^ ■ {Y^ ■ n)(o), 
and the braiding is given by 

(2.7) CM,N{m ® n) — m^^^iy n ® nifQ). 

Moreover, if 7J is a quasi-Hopf algebra then Wi{h-M) ~ Zi{hM) = ^yD, and the 
inverse of the braiding is given by (see jBj): 

(2.8) cj,ijv(" ^^)= fiX^ ■ ip' ■ ™)(0) ® S-\q'X\p' ■ m)^_,)p^S{qlX^)) ■ n 

where pn — p^ ^p^ and ^ q^ ®q^ are the elements defined by p.l8|l and 11.21|l . 
respectively. 

We also introduce left-right, right-left and right Yetter-Drinfeld modules. More 
explicitly: 

Definition 2.3. Let H he a. quasi-bialgebra, with reassociator $. 

1) A left-right Yetter-Drinfeld module is a left i/-module M together with a fc-linear 
map (called the right i7-coaction) 

Am : M M H, pMim) = TO(o) m(i) 

such that the following conditions hold, for all ft. G and m G M: 

(x^ • m(o))(o) <E) (x^ • TO(o))(i)a;^ ® x^m(i) 

(2.9) = x^ ■ {y^ -771)^0) '^x^y'^ ■m)(^i-)y (S)x^(y^ -mj^i^^y^, 

(2.10) e(m(i))m(o) = to, 

(2.11) /li • m(o) ® /l2TO(i) = (/l2 • to)(o) (g) (^2 • TO)(i)fti. 

The category of left-right Yetter-Drinfeld modules is denoted by nyO^ . 

2) A right-left Yetter-Drinfeld module is a right iJ-module M together with a k- 
linear map (called the left i7-coaction) 

Xm '■ M ^ H ® M, \M{m) = TO(_i) ® TO(o) 

such that the following conditions hold, for all /i G and m G M: 

TO(_i)a;^ ® a;^(TO(o) • x^)(-i) ® (to(o) ■ a;^)(o) 

(2.12) = . yi)(_^)^a;i ® ^^(^ . yi)(_^)^a:2 ^ . ^i^^^^ . ^3^ 

(2.13) e(m(_i))TO(o) = to, 

(2.14) TO(_i)/li ® TO(o) ■ /l2 = ft2(TO • /ll)(_i) ® (to • ftl)(0)- 

The category of right-left Yetter-Drinfeld modules is denoted by ^yOn- 
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3) A right Yetter-Drinfcld module is a right if-module M together with a fc-hnear 
map (called the right iJ-coaction) 

Am : M ^ M ig) H, pM{fn) = TO(o) ^ »7^(i) 

such that the following conditions hold, for all /i G i? and m G M: 

(m(o) • ® Xi(m(o) • ® m(i)X3 

(2.15) = (to • r^)^^^ . ® Y\m ■ r^)(i)iX2 . ys^^^^^^s^ 

(2.16) e(m(i))TO(o) = to, 

(2.17) TO(o) • hi TO(i)/l2 = ('Tl • ^2)(0) ® /ll(m • /l2)(l). 

The category of right Yetter-Drinfcld modules is denoted by yD^. 

As in the above definition of Yetter-Drinfeld modules was given using the center 
construction. More precisely: 

Theorem 2.4. Let H he a quasi-hialgehra. Then we have the following isomor- 
phisms of categories: 

Wr{HM) - nyv" ; WriMn) - yv^ ; Wi{Mh) - "yVH- 
If H is a quasi-Hopf algebra, then these three weak centers are equal to the centers. 

Proof, (sketch) Take {M, t^^u) G WrinM), and consider pM = {vh ® M) o tn.M ■ 
M ^ M®H, that is, 

PM{m) = 771(0) "1(1) = tH,M{i m). 
Pj\i determines t^^M completely: for x G A" G h.M, consider the map 

/: H^X, f{h)^h-x 
in hM.- The naturality of i-.Af entails that 

{M ®f)o tH.M = tx.M o{f® M), 

and therefore 

(2.18) tx,Mi^ m) = tx,M(if ® M){1 m)) = m(o) ® /(^(i)) = TO(o) m(i) • a;. 

In particular, m = ifc,M(l (X" to) = tojq) ® TO(i) • 1^ — e(TO(i))TO(o), so (|2.1UI) holds. 
If we evaluate ((T3^ . with A: = y = i?, at l(8)l(g)TO, we find ifT^ . Finally, 

• iif,M(l m) = tH,M{hi ®h2-m) ^ (/i2 • m)(o) (8> (/12 • to)(i)^i, 

and 

^ • tH,M{^ ®m) — h- (m(o) (8) TO(i)) = /ii • m(o) (8> ^12^(1), 
proving (|2.11() . and we have shown that {M,pm) is a left-right Yetter-Drinfeld 
module. 

Conversely, if {M,pm) is a left-right Yetter-Drinfeld module, (M, t_,M), with i_,M 
given by (|2.18(l . is an object of Wr(ffA4). If H has an antipode, then i__M is 
invertible; the inverse is given by 

(2.19) tN^ii^ ® n) = q\x^S{q^x^[p^ ■ TO)(i)pi) • n (g> q^x^ ■ {p^ ■ to)(o) 

where qn ^ q^ <E) q^ and pL = p^ ®p^ are the elements defined by H1.19|l and H1.20|l . 
respectively. 

The proof of the other two isomorphisms can be done in a similar way, we leave the 
details to the reader. □ 
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The prebraided monoidal structure on WrinM) induces a monoidal structure 
on HyD^ . This structure is such that the forgetful functor uVD^ h-M is 
monoidal. Using (|1.40|l and (|1.57l) , we find that the coaction on the tensor product 
M ® N oi two left-right Yetter-Drinfeld modules M and N is given by: 

PM<»N{m®n) = x^X^ ■ {y^ ■ m)(o)<8)a;^ • {X^y^ ■ n)(o) 

(2.20) mHX^'y^ ■ n)ii)X\y^ ■ m)^,)y\ 

for all m G M, n ^ N. We have already observed that the functor forgetting the 
coaction is monoidal, so 

(2.21) h ■ {m. ® n) =^ hi ■ m ® h2 ■ n. 

The braiding c can easily be deduced from H1.58|) and (|2.18(l : Cm,n ■ M®N N®M 
is given by 

(2.22) CM,N{m®n) = n(o)0n(i) • m, 

for m G M and n E N. In the case when 7J is a quasi-Hopf algebra, the inverse of 
the braiding is given by 

(2.23) cllj^{n®m) = q\x^ S{q^x^{p^ ■ n)(i)p'^) ■ m (g) q^x"^ ■ {p^ ■ n)(o). 

HyD^ is the category with monoidal structure (|2.2UI2.21|I and the mirror reversed 
braiding cm,n = ^n]m- 

For completeness' sake, let us also describe the prebraided monoidal structure on 
yV^ and "yVn- For M,N e yV^, the coaction on M (g) TV is given by the 
formula 

p{m ®n) = {m- ^^)(o) • x^Y^ ® {n ■ X^x^)(^o) ■ Y'^ 

®X^{m ■ X2)(i)a;2(n • XV)(l)r^ 

and the i/-action is 

(m® n) ■ h = m ■ h\® n ■ h^- 
The braiding is the following: 

du.N {m(g)n) — n(o) ® m ■ ri/^iy 
Now take M, N e "yVn- The coaction on M (g) TV is the following: 
A(m ® n) = x^{n ■ x^)i^_i)X'^{m ■ x^ X'^)(^_i)y'^ 

(m • x^X^)i^Q) ■y'^®{n- x^)(^o) ■ 

and the _ff-action is 

(m ® n) ■ h — m ■ hi ® n ■ /12. 

The braiding is given by 

^M,N{m ®n) — n ■ ® m(o). 

Remark 2.5. Let be a quasi-bialgebra. If C = h-M, one can easily check that 
C = h-pM. Then, by PropositionO we have Wi{C) = WriC), that is H-ZyD = 
HyD^ as prebraided monoidal categories; in an earlier version of this paper, we 
used this as a definition for left-right Yetter-Drinfeld modules in terms of left Yetter- 
Drinfeld modules. 

Let be a quasi-bialgebra. We have that H°P''^°p is also a quasi-bialgebra. 
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Proposition 2.6. We have an isomorphism of monoidal categories 



F : ffop.copX Mh, 
given by F{M) = M as a k-module, with right H-action m ■ h — h ■ m. 

Proof. It is "well-known and obvious that F is an isomorphism of categories. So we 
only need to show that it preserves the monoidal structure. Let us first describe 
the monoidal structure on jjop.cop A^. The left _ff°P''^°P-action on iV ® M is 

h ■ (n >Si m) — h2 ■ n ® hi ■ m. 

The associativity constraint ap^isi,M '■ {P ® N) ® M —^P® {N (g) M) is 

ap^NM{{p®n)®m) ^ ■ p (g) {X'^ ■n(E)X^ -m). 



Now we describe the monoidal structure on /fop.copAl. We have M®N — N ® M. 
For m £ M, n d N, we write 

m®n = n®m£ M®N = N i® M. 

Then 

(2.24) h ■ {m®n) ^ hi ■ m®h2 ■ n. 
The associativity constraint 

aM,N,p = ap^N.M ■ iM®N)®P = P ® (N <Si M) ^ M®{N®P) = {P ® N) <gi M 
is given by 

(2.25) aM,N,p{{jn®n)'®p) = ■ m®{x'^ ■ ri®x^ ■ p). 

It is then clear from 12.24I2.25() that F preserves the monoidal structure. □ 

An immediate consequence of Proposition II. 21 Theorem 12 . 41 and Proposition 12 . 61 is 
then the following. 

Proposition 2.7. Let H be a quasi-bialgebra. Then we have the following isomor- 
phisms of prebraided monoidal categories, induced by the functor F from Proposi- 
tionWl\ 

yv^H ^ '^IZZyv and ""yvH ^ ^^op,cop3;p«°^■-^ 

Proof. We have the following isomorphisms of categories: 



yv'^ = WriMn) - w.(hop,oopA^) ^ Wi(^fop,oopAi) ^ ^zziyv. 



Combining Proposition II . II and Theorem 12.41 we find the following result. 



□ 



Theorem 2.8. Let H be a quasi-Hopf algebra. Then we have an isomorphism of 
braided monoidal categories 

F : HyD"''' ^ lyD, 

defined as follows. For M G Hyo" , F{M) = M as a left H -module; the left 
H-coaction is given by 

(2.26) AM(m) = m(_i) ® TO(o) = qlx^ S {q'^ x^ {p^ •m)(i)pi) ® q^x'^ ■ {p^ •to)(o), 

for all m £ M , where qp = q^ ® q^ and pl = p^ ® J? are the elements defined by 
^.iy\) and hl.2(J\) . and pMijm) = m(^Q) ®m(^i'j is the right coaction of H on M . The 
functor F sends a morphism to itself. 
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Proof. F is nothing else then the composition of the isomorphisms 

For M € jjyD^^^, we compute that the corresponding left Yetter-Drinfeld module 
structure Xm on M is the following: 

Aj\/(m) = t^^Mi"^ (8) 1) = CM,H{m 1) = c^^m(to 1) 

as needed. □ 
In the same way, we have the following result. 

Theorem 2.9. Let H be a quasi-Hopf algebra. Then the categories and 
^yD^H '^'^s isomorphic as braided monoidal categories. 

We now recall some generalities about quasi-bialgebras. Let _ff be a quasi-bialgebra, 
and d = ® S'^ ^ H ® H a. twist with inverse = 0^ O Then we have an 
isomorphism of monoidal categories 

n : hM H^M. 

Ii{M) — M, with the same left _ff-action. If iJ is a quasi-Hopf algebra, then we 
can consider the Drinfeld twist / defined in The antipode 5 : H"^''^"^ — > 

Hf is a quasi-Hopf algebra isomorphism, and therefore the monoidal categories 
jLfop.copA^ and HfM are isomorphic. We have seen in ProDOsition l2 . 61 that //op. cop 
is isomorphic to Mh as a monoidal category. We conclude that the monoidal 
categories hM and A4h are isomorphic. Using Proposition II .21 and Theorem l2.4l 
we find braided monoidal isomorphisms 



^yV = ZiinM) - Zi{Mh) = ZriMn) = ^2?^ 

and 

^yjyH ^ ZrinM) = Zr(M^) = Zi{Mh) = "yV^. 
We summarize our results as follows: 

Theorem 2.10. Let H be a quasi-Hopf algebra. Then we have the following iso- 
morphisms of braided monoidal categories: 



The isomorphisms ^y^ — y^^H and = ^yT^H can be described explicitely. 

Let us compute the functor yDn- 

We have a monoidal isomorphism H : h-M Hf-M; H(M) = M with the same 
left 7?-action. Denote the tensor product on by (S)-^ . For M,N e h-M, the 

isomorphism ■0 : H(M N) ^ n(M) H(7V) is given by 

'il){m ®n) — f^ ■ m ®^ f^ ■ n. 

This isomorphism induces an isomorphism between the two left centers, hence be- 
tween the categories ^yV and %^^yV. Take {M,sm~) e Zi{hM) and {M,s{j_) 
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the corresponding object in Zi{HfM), and let A and A-'^ be the associated coactions. 
We then have the foUowing commutative diagram 



sm h 



M< 



f M.H 

y H — H ( 



V' 

f M 



and we compute that 

The quasi-Hopf algebra isomorphism S^^ : Hf —^ i/°P'<^°P induces an isomorphism 
of monoidal categories 

HfM _ffop,copA^ = Mh- 

The image of M is M as a fc-vector space, with right _ff-action given by m ■ h — 
S{h) ■ m. Take {M,s{,j _) e Zi{HfM) and the corresponding object {M.I-^m) £ 
Zj-^M-h)- Using similar arguments as above we can compute the right _ff-coaction 
p on M: 

PM{m) = f ■ ig' ■ m)(o) ® S-'if\g' ■ m)(_i))g2). 



We conclude that the braided isomorphism K : ^yD defined as follows: 

K{M) = M, with 

m ■ h = S{h) ■ m, 

PMim) = f ■ (.gi • m)(o) ® S-\f\g' ■ m)^_,)g^). 
The inverse functor K^^ can be computed in a similar way: K^^(M) — M with 
h ■ m — m ■ S^^{h), 

AmM = g'Siim ■ ® (m ■ 5-i(/'))(o) • S-^g'). 

For completeness' sake, we also give the formulas for the braided monoidal isomor- 
phism G : "yVn Hyv" . G{M) = M with 

h ■ m — m ■ S^^{h), 

PM{m) = g' ■ if ■ m)(o) ® g^S{if ■ m)(_i))/i. 
Conversely, G^^{M) = M with 

m ■ h = S{h) ■ m, 

AmM = S-^fig"" ■ m)(,)g^) ® f ■ {g' ■ m)(o). 



3. The rigid braided category 'j^yo^'^ 

It is well-known that the category of finite dimensional Yetter-Drinfeld modules 
over a coassociative Hopf algebra with invertible antipode is rigid. By Proposi- 
tion ^21 and since hM.^'^ is rigid the same result holds for the category of finite 
dimensional Yetter-Drinfeld modules over a quasi-Hopf algebra. We will give the 
explicit formulas in this Section. We first need a lemma. 
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Lemma 3.1. Let H be a quasi-Hopf algebra andpR = qh ~ ®(p — ® 

and f = ® f"^ the elements defined by 1^1.21]) and J^l.l!^) . respectively. 

Then the following relations hold: 

(3.1) q^X'^ ® qlX^ ® q^X^ = S{x^)q^xl O q'^xj O a;^ 

(3.2) S{p^)eplS{Q^h ® Q'eplS{Q^)2 = /. 

Proof. The equality (|3.1|l follows easily from p.3|l . (|1.5|l and the definition of g^. 
In order to prove l|3.2(l , we denote hy 5 = ^S'^ the element defined in (|1.12(l , and 
then compute that 



S{p')eplS{Q')i ® Q'qV2Sm2 

S{x')q^xlS'S{Qlxl)f Q^exjS'SiQjxDf 

"■ " ' L-'" -" ' S{z'x')az^xW(3SiQlxlylX^)f ® Q^z'xly'X'pSiQlxlylX^)f 

™^ S{x')ax^pS{QlX^x^)f^ ® gixV^(g?^')/' 
™2ni 5(Qip2)^i^Qi^(Q2^i)^i 

as needed, and this finishes the proof. □ 

Theorem 3.2. Let H be a quasi-Hopf algebra. Then ^yD^'^ is a braided monoidal 
rigid category. For a finite dimensional left Yetter-Drinfeld module M with basis 
(i™)i=TTr '^^'^ corresponding dual basis i^rn)^^—, the left and right duals M* and 
*M are equal to Hom(M, fc) as a vector space, with the following H-action and 
H -coaction: 

- ForM*: 

(3.3) {h-m*){m)^m*{S{h)-m), 
Am* {m*) = m*^_^-^ (g> m*^^^ 

(3.4) = (m*, /2 . (gi . .m)(o))5-i(/i(<?i • .m)(_i).g2) ® 

- For*M: 

(3.5) {h-*m){m)^*m,{S-^{h)-m), 
\'M{*m) = ® *TO(o) 

(3.6) = (*m, S-\f') ■ {S'\g') ■ .m)^^^)g' S{{S-\g^) ■ ,m)(_i))/2 ® 'm, 

for all h e H, m* e M* , *m G * M and m G M. Here f = f^ is the twist 

defined by U.l<-i\) . with inverse f^^ — 9^ ® ff' ■ 

Proof. The left 77-action on M* viewed as an element of is the same as the 

left i/-action on M* viewed as an element of hJ^- We compute the left i/-coaction, 
using n3^ . By EH) in Zi{hM) = '^yD we have 

Sy]^{v ®x)^ qfX^ ■ (pi • x)(o) ® S-'iq'X'ip' ■ x)^_^)p'S{qlX^)) ■ V 
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for all V,Xe h-M, x E X and v G V. Now, if we denote by ® another copy 
of pfi and by (g) another copy of ql we then find 

A(m*) = SM',H{m* ® 1) = {x^Z^ ■ m* ,ax'^Y^qlX^ ■ {p^y^Zfp ■ ^m) ^^^) 

xfY^qlX^ S-^ (^q^ X\p^y^ Zfp ■ ,m) ^_^^p^^y^ Z^ ® x^Y^y^Z^ ■ 'm 

QlY^qlX^S-^(^q^X^{p^P^S{QlY^) ■ ^m)^^^^p^'^P^ 
{m*,Q^Y'e ■ iyip'P'SiQlY^)-,m)^^^} 
0?F2y3^-i ^yyp^siQlY^) ■ ,m) (_i)2/2V) v'P' ® 
{m*,Q'Y'exl,2)Pl ■ (g'SiQlY'x^) ■ .m)^^^) 
QlY^S-^(q^x\^^,y^ ■ {g^S{QlY^x^) ■ ,m) ^_^^g^S{x^))x\p^ 

(to*, f ■ (gi . ,m)(Q^)5-i(/i • (.gi • ^m) ^_^/) ® 'to, 



as claimed. The structure on * M can be computed in a similar way, we leave the 
details to the reader. □ 



4. The canonical isomorphisms in ^yo^'^ 

If C is a braided rigid category then, for any two objects Af, N E C, there exist two 
canonical isomorphisms in C: M = M** and (M(g) A^)* = M* A^*. In this section 
our goal is to compute explicitly the above isomorphisms in the particular case 
C ~ ^yD^ '^' . Then we will specialize them for the category of finite dimensional 
modules over a quasitriangular quasi-Hopf algebra. 

Let C be a rigid monoidal category and M, TV objects of C \i v : M N is 
a morphism in C, following |14j we can define the transposes of v as being the 
compositions; the left and right unit constraints are treated as the identity. 
(4.1) 

{N*®N)®M* ^^^^^ M*, 



and 
(4.2) 



*M®{N®*K) *M. 



Since the functors —(^V and — (g) * {V*) are left duals of — Ci)V* , they are naturally 
isomorphic, so we have an isomorphism 9m ■ V = *{V*), and this isomorphism is 
natural in M. In the same way, we have a natural isomorphism : V = {*V)*. 
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Let US describe 9m and its invers explicitly, we refer to jT^I for details. 



(4.4) 



. (*M)* ^ ' ^ '■I {*MY ®(:*M®M) 



{{*MY®*M)®M ^^^^^ M. 

We also have a natural isomorphism 8 a/ : A/* — > *Af. this can be described as 

follows, see for details. 

(4.5) 

: M* '''''^'"""'^i M* (*M ® M) (M* ® *M) ® M 



*M(g)GVAf 



(4.6) 



ev' (giM* 



M®(*M(g)M*) (M(8)*M)(g)M* 
M*. 



Thus the functors (— )* and *(— ) are naturally isomorphic, and we conclude that 

M** = (Af*)* ^ *{M*) ^ M ^ (*A/)* = *{*M) = **M. 

We will apply these results in the particular case where C — ^yD^^. 

1) The maps ly* and *i/ coincide with the usual transposed map of v. Indeed, by 
()4.1|) and H1.6I) . we have that 

= {n\ S{x^)ax^l3S{x^) ■ ly{^n)yn = n* ov, 

where {in)^^Yt '^^ ^ basis of N and (*n)j^YT its dual basis. A similar computation 
shows that *u{*n) = *nou for any *n G *N. 

2) It is not hard to see that the map 9m defined by 1)4. 3|l is given by 

(4.7) 9M{m) = (*TO, m)*'m 

for all TO e Af, where, if (iTO),j^Y7I ^ basis of A4^ with dual basis (*to)-^yii i'^ 
then *'to is the image of iin under the canonical map M Af**. Moreover, the 
morphism 9'j^j is defined by the same formula (|4.7() as 9m- A straightforward but 
tedious computation proves that the morphism 8 a/ : Ad* — > *Af defined by (|4.5|) 
is given by 

8A/(TO*)-(m*,5(pi)/2.(5i.,TO)(o)) 

(4.8) {^m,S{q^)S~Hq'S-\f\c/ ■ ,m)^^,jg^)p') ■ ,mym, 
for aU TO* e Af*. The inverse map 8^/ : *Af Af* is given by (see H4.6|) ') 

(4.9) e^/(*TO) = {*m,V^ ■ ,m(^o)){'m,pS{V',rrn_i)) ■ ,mym, 
for any *to G *Af, where 

(4.10) V = V^(8)V^ = S-\fp^) ® ^-^(/V). 
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Therefore, we obtain the foUowing resuh. 

Proposition 4.1. Let H be a quasi- Hopf algebra and M,N e ^yD . Then 
Tm = 0\l o Oa/* : M** — > M is an isomorphism of Yetter-Drinfeld modules. 
Explicitly, Ta/ is given by 

(4.11) ^TMim") = {m**:m)q^S-\{S^{p^) ■ ,m)(^,yS^q') ■ {S\p') • .m)fo) 
for all m** G M** , where 

(4.12) T = J^^r^T^ = S{g^)f^®S{g^)f\ 

and where, in general, if ^ — is a twist on H and M £ then we 

denote 

A|^(m) = mf_^) ® mfg^ := ^^(©i • m)(_i)(52 ® t ■ • ™)(o), 
where © = ® ^ g-i. 

The inverse of^TM is given by ^T^^ — 6^/. ° ^^'^^ 

(4.13) T^^m) = (Vi, 5((pi • ™)(_i)p2)a • [p' ■ m^^^rm. 

Similarly, m '■= ^a/ ° ®*Af • **M M provides an isomorphism of Yetter- 
Drinfeld modules. Explicitly, we have that 

(4.14) 'rA/(**m) = rm,^m)V'g'SaS-\V'g')■,m)^^,))a■iS-HV^g')■^m)^o), 
for all **m £ **M . The inverse of^T^.j is given by 

(4.15) 'r-/(™) = •m)(_i)p^)g2 . (pi • m)(o))"m. 

Proof. Straightforward, we leave the details to the reader. □ 

Now, we will focus on the second isomorphism. Let C be a rigid braided monoidal 
category and M, N £ C. By ^ there exist natural isomorphisms 

(tIjj^ : M*®N* {M®N)* 

*aM,N- *M (g)*N ^*{M (g, N). 

In fact, crlf j^ = (t)l; j^j o c^^l^j^.^,, where (/i^ a/ • ^* ® ^ ® N)* is the 
composition 

= evAT ® (M «) iV)* o (iV* (g) (evAf ® A^)) (M (g) N)* 

o iV*®a^/.^j^_f^jYg)(M®7V)* o aAr-,A/*,M(57V«)(M®7V)* 

(4.16) o a^'.^M*,Af®iv.(M®JV)* ° A^* (g M* ® coevAf®jv 
with inverse 

4^7. li = (evM»w ® N*) ® M* o fl(Af®jv)-,M®Ar,Ar. ® ^* 

o ((M®7V)*(g)a^/^^^.)(g)M* o ((M(g)7V)*(8)(M(g)coevAr))(g)M* 

(4.17) o a(-jv'«jv)*,M,M* ° ® ® coevA/. 

In a similar way, we can define *cj)N,M ■ *N ® *M *{M N) and its inverse 
*4n]m'' then we put Va/.jv = *(t)N,M ° c7^,*m- 
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Proposition 4.2. Let H be a quasi-Hopf algebra and M,N G ^yD^'^. Consider 

{imlj^Yl" ^^cZ dual bases in M and M* , and {jn]j=Yt '^"■'^ {"''^}j=TT 

dual bases in N and N* . Then the map (tJ/ at ■ M* ® N* — s- (M (g) N)* defined by 

cr\.i N{m* ® n*){m n) 

(4.18) = {m\fqlX^S-\q^X\p' ■ • m){n\ fqfX' ■ {p' ■ n)(o)) 

is an isomorphism of Yetter-Drinfeld modules. Here pR — p^ (^p^ and qL = q^ ® q^ 
are the elements defined in Hl.ltlp and M.21\) . The inverse of a*j^j ^ is given by 

(4.19) crX7^(M) = (Ai, (.9^ •i"-)(-i)5'^ ■ ^m® {g^ • j7i)(o))*to (g) ^n. 
In a similar way, the map *aM.N ■ *M (g) *N — > *(M ® N) defined by 

*<JMMi*m ® *n){m ® n) = (*m, S'"i(/2gi(2;VS'"i(/i) • n)(_i)a;2p2) . m) 

(4.20) ^-Ha^'p^)?' • {x'p'S-Hf) • n)(o)) 

is an isomorphism of Yetter-Drinfeld modules; qn — q^ q^ and p^ ~ p^ (E) p^ are 
the elements defined in U.lf)\) and \1.2(]\) . The inverse of*aM,N *s given by 

(4.21) *<j];Ij,{^) ^ {,.,{S-^{g') ■ ,n)^^^^S-^{g') ■ {S'\g') ■ ,n)^o)rm^'n. 

Proof. We will show that jy = 0^ a/°'^jv* M" > where i/)^ is given by (|4.16|) . We 
first calculate t/)^ j^^. As before, we write q^ — q^ q^ and pr — p^ (^p? = ®P^, 
and then compute for all n* G N* , m* £ M*, m € M and n e N that: 



4>n.m{''T'* ® m*){m ® n) 

™ (^*, 5(a;iX^yi)ax2(XV/3^(y'))i • m) 

(n*,^(Xiyi)aa;3(xV/35(y3))2-n) 
^ (m*, 5(yi)7^(y'/3^(y^))i • m){n\ S{y\)^\y^ pS{y^))2 ■ n) 

"■"i'-'" (^'^*, /'^(/)i.9^V? • /25(pi)25'7'p^ ■ n) 

™ (m*, /i(5(/)ap2)^ . m){n\f\S{p^)ap% • n) 
™I31 (m*,/i-TO)(n*,/2.n). 
Using H4.17|l or by a direct computation it is easy to see that 

(4.22) •/'aTmIa^) ^ (m, ff^ • ® 5^ • j^j)^" ® 

for all ^ e (M A^)*. Also, it is not hard to see that 11.9|l and 11.17|l imply that 

(4.23) q^g\ ® S{q^gl)g^ = S{X^)f^ ® S{X^ pS{X^)f^). 
The same relations and H1.16|l imply that 

(4.24) S{p^f^)F^fl ® S{p')F'fi = qL. 

Using 14.23() , the axioms of a quasi-Hopf algebra, again H1.9|) and (|1.17() , and finally 
()1.26|1 we obtain the following relation: 

q'[g'S{qlX^)f\ S{q'[g'S{qlX')fWS{q'X^) ® S{fX^)f^ 

(4.25) = f^F^x^ ® SiF^x^) f^F^xK 
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Let / = (g) = and ^ ® i-,g other copies of / and pR. For 
m* G M* , n* e N* , m e M and n e N we calculate: 

(•^^Af ° c^*,M*)('Tt* ® n*)(m (g) n) 

K, 5(pl)p2 • ig'S{qlX^)f ■ n)(o)) 
ESpa („,*,5-1(FV?^(1i)-?(/'^ •n)(-i)P^5(FV))pV^^^i^-^ -m) 
(n*, ^(p^)F2/|i^(2,2)2^2 • (P' ■ ")(0)) 

ESlESi (m*,P\1x35-i(g'^\P' •n)(-i)P') -m) 
(n*,Fig2x2.(pi.n)(o)) 
<Tljj^{m*®n*){m(»n). 

Obviously, the inverse of cr^J^ jy is cr'^j]^ — cn*,m* o 4'*n~m- By (|4.22|l it follows 
that c^Ftv defined by the formula given in (|4.19() . The assertion concerning the 
morphism *aM,N can be proved in a similar way. We only notice that 

*<pNM{*n (g) *m){m n) = {*m, S~\f) ■ m){*n, S-\f) ■ n) 

for aU *m £ *M, *n £ *N, m e M and n£ N. □ 

Let (H, R) be a quasitriangular quasi- Hopf algebra. Then we have a monoidal 
fuctor F : h-M which acts as the identity on objects and morphisms. For 

M G HM.^ F(M) = M as a left iJ-module, and with left iJ-coaction given by 

(4.26) XM{m) ^ -m, 

for all m G M. Moreover, this functor sends algebras, coalgebras, bialgebras etc. 
in H-M to the corresponding objects in (see 6, Proposition 2.4]). 

Corollary 4.3. Lemma 3.2]J. Let H be a quasitriangular quasi-Hopf algebra 
and M a finite dimensional left H-module. Then M ^ A/** and M ~ ** M as 
H-modules. 

Proof. We have seen above that M can be viewed as an object in ^yD, so M = M** 
and M ^ **M as Yetter-Drinfeld modules, cf. Proposition O Thus, M ^ M** 
and M = **M as 7?- modules. We will write down explicitly these isomorphisms. 
We have that Ta/ : M** M is given by 

with inverse 

'"r^/(m) = C'm, u ■ m)*''m, 
for aU m** G M** and m e M, which is equivalent to 'T^/(m)((^) — ip{u ■ m) for 
all (fi G M* and m G M. In this way we recover the isomorphism i(; : M M** 
given in 8 . 

Similarly, 'Fm : **M M is given by 

i ( m) — { m, m)u ■ iUi 
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for all **TO e **M, with inverse 

for all TO G M. □ 



Remark 4.4. The element u plays a central role in the theory of quasitriangular 
Hopf algebras. It is therefore natural to try to generalize its properties to the 
quasi-Hopf algebra setting. The major problem in 5 was to find the inverse of 
the element u defined in [J. Now, if we forget the definitions of u and u^^ in the 
quasi-Hopf case, combining Corollary 14.31 with the similar result in the Hopf case 
we will obtain in a natural way the definitions for u and its inverse u^^. 

Corollary 4.5. f]Hl Lemma 3. 3] J. Let {H,R) be a quasitriangular quasi-Hopf alge- 
bra and M , N two finite dimensional left H -modules. Then M* ® N* = {M ® N)* 
and *M ®*N ^ *{M (g) N) as H -modules. 

Proof. We regard M,N as objects in ^yD^'^ via the functor F defined in H4.26|l . 
Thus, by Proposition g^l we obtain that M* ® iV* = (M (g) N)* and *M (g *7V ^ 
*{M (g) N) as Yetter-Drinfeld modules, so they are isomorphic also as JJ-modules. 
Moreover, (fOiHl implies that the isomorphism aljj^ : M* (g) iV* ^ (M (g) N)* 
defined in (|4.18() is given by 

cr^.j ]^{m* ® n*){m n) — {m* , f'^R ■m){n*,f^R ■ n) 

for all TO* e A/*, n* e iV*, TO e M, n G N, where R-^ := E ®R is the inverse 
of the i?-matrix R. Note that it is just the isomorphism fJ,M,N defined in 0. Also, 
(tOi^ implies that the isomorphism Vm.tv : *M ®*N ^ *(M g) A^) defined by 
(|4.2()|l is given by 

*aM,N{*mr^*n){m(g)n) = {*m, S-\f^Tf) ■ m){*n, S-\f^Tt) ■ n), 

for all *TO e *A/, *n e *N, m G M and n e N. Finally, it is not hard to see that 

^j\/^7v(a*) = {l^iR^a^ ■im(E)R'^g^ ■ jnYm®^n 

for aU fie {M •S>N)*, and 

*^M,Ni^) ' ^•^"l'^-^'' ' {ly,R^S-\g^)■^m^R\S-\g^)■Jnym^^n 
{iy,S-\R^g^)-^m^S-\R^g^)-jnym^^n 

for any ly e * (M g) N) , completing the proof. □ 

Remark 4.6. Continuing the ideas of Remark l4.4l we notice that the above Corollary 
suggests the two formulae (|1.33|l and (|I.39() for the inverse of the _R-niatrix R, and, 
also, the formula p.37|l . All these formulae where first proved by Hauser and 
Nill in the case that {H, R) is a finite dimensional quasitriangular quasi-Hopf 
algebra. They also used the bijectivity of the antipode. 
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5. Applications 

Let B he a Hopf algebra in a braided rigid category C. Then B* and *B are also 
Hopf algebras in C, see |2Eni- The structure maps on B* are the following ones: 

(5.1) ruB- ■■ B* ® B* {B ® B)* ^ B\ 

(5.2) As. : B* [B ® B)* — B* ® B\ 

(5.3) Sb' = Sb, ub' = e*B, sb' = Ug. 

The structure maps on the left dual can be obtained in a similar way. 
We can consider algebras, coalgebras, bialgebras and Hopf algebras in the braided 
category ^y^- More precisely, an algebra in 1^3^-0 is an object B G with 
the additional structure: 

- B is a left _ff-module algebra, i.e. B has a multiplication and a unit 1 b 
satisfying the conditions: 

iab)c = {X^ ■ a)[{X^ ■ b){X^ ■ c)], 
h ■ {ah) — {hi ■ a){h2 ■ b), 

(5.4) h-lB = e{h)lB, 

for all a,b,c E B and h G H. 

- B is a quasi-comodule algebra, that is, the multiplication m and the unit 
ij oi B intertwine the iJ-coaction Xb- By (|2.6|l . this means: 

XB{bb') = X\x^Y' ■ 6)(_i)a;2(y2 . fe')(-i)>"' 

(5.5) ® [X2.(a;iyi-6)(o)][XV-(y2.6')(o)], 
for all b, b' e B, and 

(5.6) Ab(1b) = l/f ®ls. 

A coalgebra in is an object B with 

- _B is a left 7?-module coalgebra, i.e. B has a comultiplication : B 
B ® B (we will denote A(&) = b]_® 62) and a usual counit such that: 

(5.7) X^ ■ ■ &(i 2) • 62 = fcl ^(2,1) ® ^(2,2), 

(5.8) AB{h ■ b) = hi ■ bi® h2 ■ b2, eB{h-b) ^ e{h)eB{b), 

for all h E H, b E B, where we adopt for the quasi-coassociativity of A^ 
the same notations as in the Section ^ 

- _B is a quasi-comodule coalgebra, i.e. the comultiplication A^ and the 
counit Eg intertwine the i?-coaction As. Explicitly, for all 5 G i? wc must 
have that: 

h-i) ^ ^0), ® &(o). = X\x'Y' ■ 6i)(_i)a:2(y2 . b2)i-i)Y' ® 

(5.9) X^ ■ {x^Y^ ■ 6i)(o) ® X^x"" ■ {Y^ ■ b^j^o), 
and 



(5.10) 



£i3(^o))&(-i) =£b(&)1- 
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An object B e ^yD is a bialgcbra if it is an algebra and a coalgebra in such 
that is an algebra niorphism, i.e. Ag{lB) = Is ® Is and, by H1.49|l and H2.7|l . 
for all b,b' ^ B we have that: 

Aeibb') = [y'X^ ■ b^[y^Y\x^X^ ■ b2)i-i)X^X^ ■ b[] 

(5.11) ®[ylY' • {x'X' ■ b2)(o)MY'x'Xl ■ b',]. 

Finally, a bialgebra B in |f3^-D is a Hopf algebra if there exists a morphism S_ : 
B ^ B in ^yD such that S(bi)b2 = biS{b2) = £b(&)1 for all b € B; we then say 
that _B is a braided Hopf algebra. 

If i? G Ifj^-D^*^ is a Hopf algebra then B* and *B become Hopf algebras in Ifj^-D. 
We will compute the structure maps. 

Proposition 5.1. Let H be a quasi-Hopf algebra and B a finite dimensional Hopf 
algebra in ^yD. Then B* is a Hopf algebra in ^yO with the following structure 
maps: 

{a*ob*){b) = {a\f^qlX^S-\q'X\p^ ■ 62)(-i)p') • &l) 

(5.12) {b*,fqlX'-{p'-b2)io)) 

(5.13) AB'ib*) = (6*,[(gi-,6)(_i)5'-,6](gi-,&)(o))^5®^6 

(5.14) SB'{b*) - b*oS, UB'{l) = eB, £5.(6*) = 6*(ls), 

for all a*,b* G B* and b £ B, where {ib}^^Yn basis in B with dual basis 
Vb}i=Tn ^'^ ^* ■ Similarly, * B is a Hopf algebra in ^yD with the following structure 
maps: 

Cao*b){b) = {*a,S-\fV{x'p'S-\f')-b2)i-i)X^pl)-b^) 

(5.15) S-\x^pl)q' • {xVS-Hf) ■ fe2)(o)) 

(5.16) A,B{bn = {*b,[iS-\g')-jb)^_,)S-\g')-MS^H9^)-jb)io)rb®^b 

(5.17) S.Bi*b) = *boS, u.Bil)^eB, e.B(*6) = *6(ls), 
for all *a, *b E *B and b e B. 

Proof. Follows easily by computing the morphisms in I|5.1I5.;-{|I . using H4. 1814. 21(1 : 

the details are left to the reader. □ 

Let iJ be a Hopf algebra. It is well-known that H becomes an algebra in the 
monoidal category ^yD, with Yetter-Drinfeld structure given by 

h>h' = hih'S{h2), X{h) = hi®h2 

for all /i, h' e H . Moreover, H is quantum commutative as an algebra in ^yO (see 
for example ^). Now, let TJ be a quasi-Hopf algebra. In !7I a new multiplication 
o on iJ is introduced, given by the formula 

(5.18) hoh' = X^hS{x^X^)ax^Xfh'S{x^Xl) 

Let Hq be equal to iJ as a vector space, with multiplication o. Then Hq is a left 
-ff-module algebra with unit /3 and left iJ-action given by 

(5.19) h>h' = hih'S{h2), 

for all h, h' e H. It was also shown in |S] that Hq is an algebra in the category 
^yD, with _ff-coaction given by 

(5.20) Xnih) = ft(o) = X^Y^hig^Siq^Y^)Y^ X^Y^h2g^ S{X^q^Y^), 
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where /^^ = ® and q — qn = ® are the elements defined by (|1.14(l and 
H1.19|l . In addition, in ^ it was shown that Hq is actually quantum commutative 
as an algebra in |f3^-D. 

If (-ff, R) is quasitriangular, then Hq is a Hopf algebra with bijective antipode in 
hM, with the additional structure (see 

A{h) ^hi®h2 

(5.21) = x^X^hig^S{x^R^y^Xl) ® x^R^ > y'^X'^h2g^S{y^Xl), 

(5.22) e{h) = £(/i), 

(5.23) S:(/i) = X^R^p^S{q^{X^R^p^ > h)S{q^)X^), 

for all h e H, where R = R^®R^ and /^^ — (^g"^ ^ pj^ = g^j^^j g,^ = q^(^q^ 

are the elements defined by (|1.14() . H1.18|l and (|1.19l) . If we consider the left H- 
coaction 

(5.24) XH„{h) ^ R"^ (E) R^ t> h, 

induced by (|4.2()|) . then Hq becomes a Hopf algebra in ^yD, with bijective an- 
tipode. From now on, we will refer to Hq as a Hopf algebra in h-M, and, via the 
monoidal functor F : hM hJ^^*, in 1^3^-0, with structure maps (|5.18|) . (|5.19|) 
and i^.'imMl . 

If H is finite dimensional, then Hq is also a Hopf algebra in ^yO. By Theorem lr>. 21 
and p.37|l . Hq is a Yetter-Drinfeld module via 

(5.25) {h^<fi)(h') = ip{S{h)>h') 

(5.26) Ah- (if) = R^®R^ ^if 

for all (/? G i/* and ft,, /i' G iJ. The structure of Hq as a Hopf algebra in ^yD is 



given by: 






(5.27) 




= ((p,/2i?V/li)(*,/li?V/l2), 


(5.28) 






(5.29) 




(93, (i?^g^ > ic) {R^g^ t> je)Ye ® ' e. 


(5.30) 


^H'o (^) 




(5.31) 




= s;, 



for all h e H and (^9, ^' G i?*, where i?^^ = S i? , {le},^]-^ is a basis of iJ 
and {^e}i^Yn ^^"^ corresponding dual basis of H* . The left dual *Hq of i/p is also a 
Hopf algebra in "y^^- Firs*- by Theorem E21 and (fPTTjl . *Hq is a Yetter-Drinfeld 
module via 

(5.32) {h>- ^){h')^ip{S-^{h)t'h') 

(5.33) A*H„((p) = ® i?^ ^ (/J 

for all Lp G iJ* and /i, ft' G i? . Then the structure of *Hq as a Hopf algebra in %yD 
is given by the formulae 

(5.34) {^o^m - (^,5-i(/2i?')>fti)(vE',5-i(/ii?V%>, 

(5.35) l^Ho = e, 
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(5.36) A.H„(^) = ((^,[5-i(i?V)>^e]o[5-i(i?igi)>,e])*e®Je, 

(5.37) e.Ho{v)^v{P). 

(5.38) S^Hoi^)^V°S, 

for all (f e H* and h, h' G i7. From (|4.5|1 wc know that 9^,, : ^^o ^ is an 
isomorphism of Yetter-Drinfeld modules. In this particular case, is given by 

for all (fi £ i?Q. Since S^{u) = u it is easy to see that Q^^if) ~ u i-^ (p for all 
if G *Ho. 

Proposition 5.2. Let (H, R) be a triangular quasi-Hopf algebra. With notation as 
above, Qho ■ *Hq is a braided Hopf algebra isomorphism. 

Proof. It is well known that in a symmetric monoidal category C the canonical 
isomorphism O^, where _B is a Hopf algebra in C, provides a braided Hopf algebra 
isomorphism between B* and *B. Since {H,R) is triangular, the category h-M^'^ 
is symmetric, and this finishes the proof. □ 

Remark 5.3. If {H,R) is not triangular then Qho is, in general, not an algebra or 
a coalgebra morphism. Indeed, if (H, R) is an arbitrary quasitriangular quasi-Hopf 
algebra then computations similar to the ones presented above show that 

QHoiir'lf ^ ip)o{r^R' ^ *)) = QHoi'PpQHoW, 

{A,h„Qho){v) = R21R y {Oho ® eHj(Aff.(^)) 

for any 4* G Hq, where (g) is another copy of R^^ and we extend the action 
of H on *Ho to an action of H H on *Ho (g) *Ho. 

Let H he sl quasi-Hopf algebra. Then H* is an {H, _ff )-bimodule, by 

{h ifi, h') = Lp{h'h), {ip ^ h, h') = ip{hh'). 

The convolution {ip'i',h) = ip{hi)il){h2), h E H, is a multiplication on H*; it is not 

associative, but only quasi-associative: 

(5.39) 

In addition, for all /i G -ff and ip,ip H* we have that 

(5.40) h ^ [cpil;) ^ {hi ^ ip){h2 ^ iIj) and (^V) ^ - (v^ ^ ^ ^2). 

By 01 if is a finite dimensional quasitriangular quasi-Hopf algebra then on the 
dual of H there exists another structure of Hopf algebra in 1^3^!?, denoted by H*. 
The structure of iJ* as a Yetter-Drinfeld module is given by the formulae 

(5.41) h-ip = hi ^ If ^ S-^h2), 

(5.42) Xh'{^) = R^(^R^-ip, 
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for all h & H , If £ H* . The structure of H_* as a Hopf algebra in is given by: 

93 . * = {x^X^ S-\fxlY^R^X^)) 

(5.43) {x^Y^RjX^ -^xn ^ S-\fxlY^RlX^)), 

(5.44) AH'i^) = xy - (^2 ^ S-\X^p^)r^X^ ^ ^ S-'{X^), 

(5.45) £H*(¥') =^(^"Ha)), 

%*(¥') = Q''?'i?V-[pip2^(Q2) 

(5.46) ^ S'\^) ^ S{q^R^x^P^)x'^S-^{p% 

for all iy9, ^ G i?*, where ® is another copy of qn and 5 ^((p) = (ys o for 
any (p Cz H* . The unit element is e. 

Proposition 5.4. Lei (77, i?) 6e a finite dimensional triangular quasi-Hopf algebra. 
Then * Hq and H_*'^°^ are isomorphic as braided Hopf algebras. 

Proof. Since {H,R) is triangular it follows that c^^^j = Cj\/_Ar, so H_*'^°p is a Hopf 
algebra in Ifj^f. On the other hand, both *Ho and H_*'^°p are Hopf algebras in 
If^yi? as images, through the functor F defined by (|4.26l) . of corresponding objects 
in hJ^- Therefore, it suffices to prove that *Ho and H_*'^°p are isomorphic as Hopf 
algebras in h-M- To this end we claim that /i : *Ho jj*cop gjyg^ 

is a Hopf algebra isomorphism in h-^- In fact, fi is iJ- linear since 
fi{h y ip){h') = S-\h) > {S-\g^)h' g^)) 

™ {^,S-Hh2g^)h'h,g') 
E3I1 (^(^), 5-i(/j2)/,'/,i) = {h ■ p{^)){h') 
for all ip G i7* and /i, h' E H . It is also an algebra morphism in since 
M( ^°y(^) 

| 5.34 | 5.21 | 1.1H (^,5-i(/27f2^^^i^i^_i^^2^2(.2)/^^^i^i 

5(a;2i?2y3^3)^ S-\f^lt)x^R^ > 2/1^2 

5^iCf^?Gi)/i2<?^G'5(2/'X?)) 

^-^^^ t (^,5-i(/'i?')>a;i5-i(F2xV)/ii^i'3(i,i)G}Gi 
5(a;^i?2y3)^^^^^-i(^i;^i)^3^i^yi 

■g-Hf^^ ^g2G^)fe2X2^g(\,2)G^G^5(2/^)} 

G'S{x'R')){^, S-Hf'R') > S-^F^X^gl^,^ 
GlG'S{xl Rl))h2X^y'gl,^GlG'S{xlRl)) 
< 1.11 | 1.37 | 1.31 | S-\f^lf) > a;i5-i(F2xV)/ii^i'y'i?'g2G'5(a:2)) 
5-i(/^i?') > 5-i(J^'^V^2(5iG^^(x3))2G2) 
/i2Xiy2i?i(giGi5(a;3))iGi) 
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Enp3 {^,S-\flf)t>S-\F^X^x^glG^)hiXly^R^ 

x'glG'){'if,S-\fR')>S-\F'xYRW29lG^)h2X',y'RlxlglG') 
^J^^--) S-HF^X'x'Rlg^)hiXly'R^x^7llg') 

S-^R^xm') t> S-^{F^X^y^G^)h2X^y^G^) 
ESaESl {^,S-HF^xlxm\^g^)hix'Y'g') 



S-\R Y'^) > S-^iF^xlX^G^)h2X^X^G^) 
Em R-^=R2i) {^{^)^S-'{F^xlX'R'Y^)hix^Y^) 
{li{^),S-\F^xlX^RlYi)h2X^X^RlY^) 

for all (y5, G iJ*, h E H, and = /i(£) = e = 1_h_«cop. It remains to show 

that /X is a coalgebra morphism and a bijection. To this end, we calculate for any 
ifi e H*: 

(/i ® m)A.Ho = (^^H^V) > .:e) ° {S-\R'g')>,e)) 

G^ ^'e^ S-\G^) ® Gi ^ ^'e ^ ^-^(G^) 



ITTTl 



[R^S-^g^) > S-\G^),eG^]S{x^Xl)ye 



■,3 



e 



{ip,X^RlS-^{glG^)^eglG^S{x^X^Rl)ax^ 
[X^R^S-\g^) > 5-i(G'),eGi]5(x3))V » 

[ii'i5-i(y^^'^'52G')>5-i(G2),eGi]5(x3))*e®^e 
< 1.37 | 1.J1 | 1.11 | S-HRlX^g%eRlX^glG'Six')ax' 

S-HRlX^9l,2)GlG^)jeRlxlgl,^GlG'Six')re®^e 

{^,S-HRlX^g%eRlX^x^gl2,2)GlG^a 
S-^{RlX^x^gl^j^.^GlG^)jeRlXlx^glG^S{x^)ye(E)^e 
Eiani {^,S-HRlx'g%eRlX^x'S-\RlX^x'p) 
jeRlXlx^gye(g>^e 

™3IJ {^,(^),s-Hx%ex's-Hx',p'),exy) 

R^ ■'e(S}R^ -^e 

as needed. Obviously e/i = £. It is easy to see that fi is bijective with inverse 

for any ip G iJ*. Thus, the proof is complete. □ 



YETTER-DRINFELD CATEGORIES FOR QUASI-HOPF ALGEBRAS 



29 



Corollary 5.5. If{H,R) is a finite dimensional triangular quasi- Hopf algebra then 
Hq = * Ho = H^^°P as braided Hopf algebras. 
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